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where ;  are indices of a local tangent-space su(2) algebra (generators  
Æ
), a; b are indices of
a rigid tangent-space su(2) algebra and the covariant derivatives D
a
take values in the former
(local) su(2) algebra. With one of the simple parts of the rotation group thus `de-gauged', the
self-duality of the Riemann tensor is automatic and (1) reduces to conditions for torsion-free
D
a
. (Conversely, self-duality , being equivalent to the vanishing of all curvature coeÆcients
of the generators  
cd
, allows this `self-dual gauge'). The curvature and connection thus taking
values in an su(2) algebra, the manifold is manifestly a hyperkahler one with holonomy group
SU(2).








g and generalise (1) to supereld relations implying superspace constraints
on the vielbeins and connections of D
a










g). We maintain the tangent-space subalgebra labeled by the spinor indices
a; b; ::: as a rigid symmetry algebra and m = 1; ::N is the index of the internal automorphism












In N-extended superspace, the constraints (1) need to be augmented by further constraints
amongst the supercovariant derivatives. The simplest set of constraints generalising (1) consis-
















































are respectively the dimension 1 and dimension
3
2
components of the supercurva-
ture. Note that we consider only terms proportional to the antisymmetric invariant 
ab
on the
right of (2), taking precisely the vanishing of all terms not proportional to 
ab
, together with the
condition that the superconnections and supercurvatures in (2) do not take values in the rigid
su(2) subalgebra of the tangent-space superalgebra, to be the supersymmetric generalisation of
the self-duality conditions (1). The constraints (2) are the simplest generalisation of (1) con-
sistent with the N extended Poincare supersymmetry algebra, containing the minimal number
of superelds needed to describe the self-dual graviton supermultiplet. They are identical to
the constraints obtained in the `ungauged' limit of those given in [6]. Note that we can treat
any possible extended supersymmetry on the same footing; there is no N-dependence in the
form of these equations. This is a characteristic feature of self-dual (gauge and gravity) theories,
which distinguishes them from their non-self-dual counterparts. As for self-dual supersymmetric
gauge theories [4] our considerations are good for complexied superspace or for real superspaces
with `bodies' of signature (4,0) or (2,2) (with appropriate handling of the latter as a restriction
of complexied superspace). For concreteness however, we shall deal with the real Euclidean
version.
In the next section we show that the above super self-duality constraints take on a more
economical form in chiral superspace, which is amenable to reformulation in harmonic superspace
(section 3). The latter superspace has a special class of local coordinate frames called analytic
frames, in which the local dieomorphism group preserves an analytic subspace. In section
4 we write down the equations for the analytic frame supervielbeins and superconnections.
2
The advantage of the abovementioned reformulation in harmonic superspace is that the non-
zero supercurvature components get rearranged so as to single out some commuting subset of
covariant derivatives. Frobenius' theorem may then be used to `atten' the latter subset of
covariant derivatives. In section 5 we discuss the corresponding `Frobenius' gauge, in which
the equations become manifestly soluble in terms of an analytic supermatix of unconstrained
prepotentials (section 6). In section 7 we give a recipe for the extraction of the geometrical data
(supervielbeins and superconnections) from the latter harmonic space data and we conclude
with a simple explicit example (section 8) of our construction.
2 Super self-duality in chiral superspace
The constraints (2) admit an economical reformulation in chiral superspace. Indeed, super-
Jacobi identities involving D
j





















































































This symmetry is a novelty for the super self-duality equations (2); it does not exist in the
non-self-dual theory; and allows a very economical reformulation of the constraints (2) in chiral
superspace. Indeed, comparing the above transformations with the algebra (2) and the relation-
ships (4), it is clear that the covariant derivative D
j

is actually the generator of these trans-
formations. In other words, the parameter 

i







Now, the form of the rst three constraints (2a-c) actually allows us to use this additional odd
invariance parametrised by 

i
in order to gauge-away all #

i
{dependences. Namely, (2b) implies

































































































are chiral (i.e. independent of #) superelds;





























Using a superindex A = (; i) of the superalgebra su(N j2) having an su(N) su(2) even part,











This form displays manifest su(2)su(N j2) tangent space covariance, of which we maintain the
su(2) factor as a rigid symmetry group, gauging the local su(N j2) symmetry. So the Riemann











are the generators of the tangent
space superalgebra su(N j2). Since both superconnection and supercurvature take values in this
factor of the tangent space algebra, the holonomy superalgebra is manifestly su(N j2).
In fact the constraints written in this manner reminiscent of N = 0 self-duality may immedi-
ately be generalised to equations describing d > 4 hyperkahler superspaces. Generalising the
indices A;B to superindices of osp(N j2m) yields a supersymmetrisation of the type of higher
dimensional self-duality conditions considered in [5]. Together with the proviso that the super-
curvatures and superconnections take values in this local osp(N j2m) algebra (i.e. the remain-
ing su(2) tangent space symmetry remains rigid), these equations provide a local description
of (4mj2N)-dimensional hyperkahler superspaces (allowing N independent supersymmetries).
The m = 1 case of osp(N j2) holonomy corresponds to a reduction (symmetry-breaking) of the
presently discussed su(N j2) theory.
The rigidity of the SU(2) factor of the tangent space group is particularly important. It
yields the extra freedom allowing the construction of invariants transforming non-trivially under
this SU(2) (since only the superindices of the local supergroup need to be summed over). In






























, and are covariantly constant in virtue of the zero-supertorsion conditions (13).
Note that in chiral superspace the super self-duality equations have the same super-covariant
form (13), irrespective of whether we start from the the constraints (2) or whether we include
additional gauge elds in the non-chiral formulation [6]. The dierence is entirely absorbed in
the transformation to the chiral basis. Although (13) is a less redundant description of super self-








) are still not independent






The independent supercurvature components, i.e. the solutions of these super-Jacobi identities,
are the supereld curvatures of the self-dual supergravity multiplet [6]. (We denote graded
4








, where we use the
notational convention that each letter appearing in the exponent of ( 1) assumes the value 0 or
1 according to whether the corresponding index is even or odd).
































)g. Since half the rotation group is rigid, the coordinates x;

# have only
one world-spinor index, the index a being identied with the corresponding tangent-space in-













































provides covariant transformation rules for r
Aa
(8) as well as for the supercurvature and super-






































































The sign factors in the above denition of the supercurvature are crucial in the proof of covari-
ance.
3 Super self-duality in harmonic superspace
The system (13) has precisely the same form as the N = 0 self-duality conditions except that the
indices ;  of the latter have become superindices A;B. We may therefore reformulate these
equations in harmonic superspace by closely following the treatment of [1]. In suitable local
coordinates the system (13) becomes manifestly soluble. We shall describe the main steps of
our procedure, referring to [1] for details and proofs. The rigid SU(2) tangent-space symmetry





















g, where a is the spinor index of the rigid SU(2) and  denote
U(1) charges. These harmonics allow us to dene a special coordinate system in harmonic










g, which are linear in the harmonics.




























































The proof of equivalence in this central basis follows by linear algebra from the requirement
that all the supertorsion constraints implicit in (13) be implied by (20). The central frame (19),
with its characteristic feature that the harmonic derivative D
++
is a partial derivative acting
only on harmonics and is connection-less, whereas the derivative D

A
, in virtue of (20a), has a













has the privilege of a manifest equivalence, (13) , (20). The system (20), however, is covari-
















g. It is also covariant under local su(N j2) tangent frame (i.e. supergauge)




















) of the conventional central frame tangent supergroup.
The advantage of reformulating super self-duality in the form (20) is that the self-dual super-
curvature components have now been rearranged so as to make two dimensional at subspaces
manifest, allowing us to use Frobenius' theorem in order to make the transformation to another
special coordinate system, the Frobenius coordinates in which the explicit solubility of (20) ac-
tually becomes manifest. Our strategy is to solve (20) in the latter coordinates of manifest
solubility and then to perform a coordinate transformation back to the central coordinates of
manifest (13), (20) equivalence in order to extract the solution to the original system (2) from
the solution of (20). The central basis therefore acts as a bridge between the original superspace
and harmonic superspace .
The abovementioned `Frobenius' coordinate system belongs to a very useful class of local co-







g in which the group of dieomorphisms preserves an `analytic'






















; u) ; (24)


















































is a supervielbein. In other words, the h-coordinates as functions of the central ones







= 0 ; (26)

















) the `analyticity' of 	, i.e. @
+
hM




is what we mean by `analytic', irrespective of whether our coordinates are taken to be





to be real. The appropriate
conjugation for the harmonics is discussed in the harmonic space literature, e.g. [8])
Further, in order to make this analyticity concept covariant under tangent-space transforma-

























































; u) ; (28)








; u) of the analytic frame tangent supergroup. The matrix ' there-
fore transforms under local supergauge transformations according to two distinct realisations of
su(N j2) ((22) and (28)); so ' clearly plays the role of a `bridge' transforming  -group tangent-




B), distinguished by `breved' superindices. In
the analytic frame covariant quantities are those having only the latter type of tangent-space
indices; and we shall only use such quantities, using as many ''s as are required in order to




The negatively charged covariant derivatives D
 
A
, consistently with (24), contain derivatives






















































in the at limit) and the doubly-negatively







































































































= 0 in the at limit.






under the transformations (23,24),
































































































4 The super self-duality equations for analytic frame superelds




























































Not all the supervielbein and superconnection elds in these covariant derivatives above are
independent `dynamical' degrees of freedom. We shall solve for the superelds in D
++
, which,
in a special coordinate gauge, are the only ones required for the determination of the metric. The
remaining equations are redundant, since the remaining superelds describe the same degrees
of freedom as those in D
++
.


















The vanishing of the supertorsion coeÆcients of @
 
hM



































The solution of this equation is however not independent of the solution of the previous two



























these superelds determine H
++M 



















In order to solve (20) it suÆces to solve the set of equations (41-46). The remaining equations




























































which together with the condition obtained from the requirement that the antisymmetric part






























automatically, in virtue of (47).
5 The `Frobenius' gauge
The set of elds satisfying the system of equations listed in the previous section possesses the
large class of gauge invariances ((36)-(40)). We are therefore free to choose local coordinates
partly xing these gauge degrees of freedom. In a particularly remarkable coordinate system,
eqs.(41-46) actually becomes manifestly soluble.



























is also an identity matrix. We therefore have a


























In this special `Frobenius' gauge the distinction between world and tangent indices has evi-



















g contain all the
dynamical (geometrical) information.





























; u) are no longer arbitrary but are con-
















are supertraceless. It follows that the thus constrained 
M+















; u) : (52)
These dieomorphism parameters in turn determine the Lorentz ones, the residual tangent



















As for the remaining 
M 




































still transform according to (39),(40) and (38), respectively, with parameters
being the residual ones (52-53).
6 The analytic frame solution



















































the system of equations (41,42), or equivalently the super self-duality system (20) becomes
manifestly soluble. In [1] we showed that for theN = 0 case the self-dual vierbein and connection







). In the supersymmetric
cases, this arbitrary datum gets generalised to a charge +4 graded{skewsymmetric supermultiplet














































We shall now show that such an unconstrained analytic prepotential, L
+4NM
, encodes the
general local solution of the self-dual supergravity equations (20).




(satisfying (43)). The relation (45) then yields an
expression for the harmonic connection which is manifestly analytic, automatically satisfying its
































































parameters of pregauge invariances of (57). Unlike the N = 0 case for which only the rst term
on the right survives and we may choose a `normal gauge' xing this invariance (1), for general N
it is not immediately clear how to choose a representative example within this gauge-equivalence
class of prepotentials.


























































































up to an arbitrary analytic function, which can be set to zero using the gauge freedom (40).




) consistently, i.e. solve the
dynamical content of (20), in terms of the unconstrained (i.e. arbitrary) analytic prepotential
L
+4NM
. As for the N=0 case [1] , all the other equations from (20) are also indeed solved in
terms of L
+4NM
and determine the other analytic frame elds as functionals of L
+4NM
. The
proof follows that for the N = 0 case given in [1].
7 The extraction of central frame supervierbeins and super-
connections
As we have seen, the analytic prepotential L
+4NM
encodes all the analytic basis data. The
procedure for extracting the geometrical data (supervierbein and superconnection) in the original
central basis from some specied analytic prepotential L
+4NM
is as follows.












































Integrating these rst order equations nd z
N+
h








) and the harmonics.
C. Having obtained z
N+
h


























in order to determine z
N 
h
as a function of the central frame coordinates.
























and using the results of steps B and C, express it explicitly in terms of central coordinates.
E. With the !
++






(i.e. equation (33) rewritten in the central frame) to obtain the bridge ' in central coordinates.







required for the transformation back to central coordinates.
11
The above data aords the immediate construction of explicit self-dual supervielbeins and con-
nections as follows:






back to the central frame, we clearly need to



















. Therefore, multiply the bridge ' obtained


































. The left-hand-side, as a function of the













g, is by construction bilinear in the








) thus constructed automatically depend only
on the customary superspace coordinates (i.e. are independent of the u's).
H. The connection !
+
A
















construction (see (19)) linear in the harmonic u
+a
.




































































































8 An explicit example
To conclude this paper, we illustrate the above procedure for a simple monomial example of
the analytic prepotential from which we explicitly extract the self-dual supervielbeins and su-
perconnections. Further examples will be given in a separate publication. For the purely even










corresponding to the Euclidean

















































































































































































































































= 0. The central coordinate partial derivatives (step F) for the transformation back























































































being zero. Since N = 2 for this example, we











































































































































and clearly describes a superspace with at `body' and non-at `soul'. Evaluating the complex





























































































































From this supervielbein and superconnection, the vanishing of the supertorsion may be veried



















































all other components vanishing. We hope to return to a discussion of this curious hyperkahler
superspace as well as further examples in the future.
We are very grateful to D. Alekseevsky, E. Ivanov and D. Leites for useful discussions and the
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